Some bounds are obtained for the eigenvalues of the Laplacian operator defined on some specific Riemannian manifolds.
1.
Eigenvalues of the Laplacian on Riemannian manifolds is a subject of continuing interest [1,2], and here some problems are addressed which originated with [3, 4] . Suppose (M, g) is a given compact m-dimensional Riemannian manifold. The Laplacian operator Δ in terms of coordinates on M is given by
where (x 1 , · · · , x m ) is a local coordinate system on M, g ij is the inverse of the matrix g ij and g = det(g ij ). The volume element for the manifold is denoted by dv. It is well known that the Laplacian has a discrete spectrum. The eigenvalues can be listed as 0 = λ 0 ≤ λ 1 ≤ λ 2 ≤ · · · and the corresponding eigenfunctions ϕ k (x) satisfy the eigenvalue equation
and they form a complete orthonormal basis for L 2 (M). The minimum principle is one way in which these eigenvalues can be determined when the eigenfunctions are known. The minimum principle states that
and the infimum is taken over the set of piecewise C 1 functions χ = 0 which satisfy
is given where the coordinate functions {x α } satisfy
The metric on N is also written as g and the x α need not be the same as the x i in (1). or may depend on them. The coordinate functions will also be eigenfunctions of the Laplacian such that
Moreover, suppose that
are the first k + 1 normalized eigenfunctions and eigenvalues of the Laplacian which satisfy the eigenvalue equation
The coordinate functions of the immersed submanifold and the ϕ i can be used to define the following moments,
as well as the functions
Lemma 1. The functions ψ αi are all orthogonal to the set of functions ϕ i (x) and vanish at the boundary in the case the ϕ i (x) do.
Proof: This follows from the orthogonality of the set of ϕ i (x),
The following result is well-known and is required next. Lemma 2. Let f, h ∈ C ∞ (M), then the following identity holds,
2.
The Laplacian of ψ αi can be evaluated by means of Lemma 2.
Multiply this by ψ αi and integrating, the last term integrates to zero and it is found that
This can be integrated to the form,
Upon dividing both sides by the first integral on the right, this provides the following result
However, on account of (3),
Applying this to (8), the following estimate results,
Since the λ i make up as noted an increasing sequence, this can also be written
Since the ψ 2 αi dv are positive, (10) can be written in the form
Summing over α, i and then dividing, we obtain that
In (11), F is defined n terms of the {c α } to be
Thus F can be thought of as a type of weighted mean involving the eigenvalues. To obtain another form for the numerator on the right of (11), note that since a αik is symmetric in i and k, it follows that
Therefore, since α x 2 α = 1, it follows that,
Define A and B to be
In terms of A it follows that
Moreover, the Schwarz inequality yields,
Here we use the fact that α g(∇x α ,
From (13), B is bounded by
These results yield the following upper bound. Theorem 1.
In the case in which all the c α are equal to the same value c, F (c α , ψ αi ) = c, and from (13), B can be replaced by B = cA and we obtain
The common value of the two quantities on the right occurs when A satisfies
Note thatÃ is bounded above by k + 1.
3.
For a Riemannian manifold with boundary, an upper and lower bound for λ 1 can be obtained.
Theorem 2. Let (M, g) be a Riemannian manifold with boundary and let φ ∈ C ∞ (M) such that φ is positive inside M and equal to zero on the boundary. Then the following bounds for the first eigenvalue of the Laplacian hold
Proof: Let ϕ 1 be the first eigenfunction so that Δϕ 1 = λ 1 ϕ 1 and ϕ 1 = 0 on ∂M. It can be assumed that ϕ 1 is positive inside M. Consequently, write ϕ 1 = φ + h with h = 0 on ∂M. Solve the eigenvalue equation for λ 1 to obtain
The second term on the right of (17) changes sign or vanishes identically in M. This follows because φ(φ + h) is positive inside M and moreover, (φΔh − hΔφ) dv = 0, which follows by Stokes Theorem. On the left-hand side of (17) the eigenvalue λ 1 is a constant. The result follows immediately.
